Abstract. The single-row facility layout problem (SRFLP) is an NP-hard combinatorial optimization problem that is concerned with the arrangement of n departments of given lengths on a line so as to minimize the weighted sum of the distances between department pairs. (SRFLP) is the one-dimensional version of the facility layout problem that seeks to arrange rectangular facilities so as to minimize the overall interaction cost. This paper compares the different modelling approaches for (SRFLP) and applies a recent SDP approach for general quadratic ordering problems from Hungerländer and Rendl to (SRFLP). In particular, we report optimal solutions for several (SRFLP) instances from the literature with up to 42 departments that remained unsolved so far. Secondly we significantly reduce the best known gaps and running times for large instances with up to 100 departments.
Introduction
An instance of the single-row facility layout problem (SRFLP) consists of n one-dimensional facilities, with given positive lengths l 1 , . . . , l n , and pairwise connectivities c ij . Now the task in (SRFLP) is to find a permutation π of the facilities such that the total weighted sum of the center-to-center distances between all pairs of facilities is minimized 
where N := {1, . . . , n}, Π denotes the set of all layouts and z π ij is the center-to-center distance between facilities i and j with respect to π.
Several practical applications of (SRFLP) have been identified in the literature, such as the arrangement of rooms on a corridor in hospitals, supermarkets, or offices [36] , the assignment of airplanes to gates in an airport terminal [39] , the arrangement of machines in flexible manufacturing systems [23] , the arrangement of books on a shelf and the assignment of disk cylinders to files [31] .
On the one hand (SRFLP) (also known as one-dimensonal space allocation problem) is a special case of the weighted betweenness problem which is again a special case of the quadratic ordering problem. On the other hand the NP-hard [17] minimum linear arrangement problem is a special case of (SRFLP) where all facilities have the same length and the connectivities are equal to 0 or 1. Hence (SRFLP) is also NP-hard.
Accordingly several heuristic algorithms have been suggested to tackle instances of interesting size of (SRFLP), e.g. [14, 19, 20, 22, 24, 28, 33, 34] . However, these heuristic approaches do not provide any optimality certificate, like an estimate of the distance from optimality, for the solution found.
Several exact approaches to (SRFLP) have also been proposed. Simmons [36] first studied (SRFLP) and suggested a branch-and-bound algorithm. Later on Simmons [37] pointed out the possibility of extending the dynamic programming algorithm of Karp and Held [27] to (SRFLP). This was later on implemented by Picard and Queyranne [31] . A nonlinear model was presented by Heragu and Kusiak [24] . Linear mixed integer programs using distance variables were proposed by Love and Wong [30] and Amaral [1] . Amaral [2] achieved a more efficient linear mixed integer program by linearizing a quadratic model based on ordering variables. However all these models suffer from weak lower bounds and hence have high computation times and memory requirements. But just recently Amaral and Letchford [4] achieved significant progress in that direction through the first polyhedral study of the distance polytope for (SRFLP) and showed that their approach is quite effective for instances with challenging size (n ≥ 30). Amaral [3] suggested an LP-based cutting plane algorithm using betweenness variables that proved to be highly competitive and solved instances with up to 35 facilities to optimality. Recently Sanjeevi and Kianfar [35] studied the polyhedral structure of Amaral's betweenness model in more detail and identified several classes of facet defining inequalities.
To obtain tight lower bounds for (SRFLP) without using branch-and-bound, semidefinite programming (SDP) approaches are the best known methods to date. SDP is the extension of linear programming (LP) to linear optimization over the cone of symmetric positive semidefinite matrices. This includes LP problems as a special case, namely when all the matrices involved are diagonal. A (primal) SDP can be expressed as the following optimization problem inf X { C, X : X ∈ P},
where the data matrices A i , i ∈ {1, . . . , m} and C are symmetric. We refer the reader to the handbooks [6, 40] for a thorough coverage of the theory, algorithms and software in this area, as well as a discussion of many application areas where semidefinite programming has had a major impact.
Anjos et al. [5] proposed the first SDP relaxation for (SRFLP) yielding bounds for instances with up to 80 facilities. Anjos and Vanelli [8] further tightened the SDP relaxation using triangle inequalities as cutting planes and gave optimal solutions for instances with up to 30 facilities that remained unsolved since 1988. Anjos and Yen [9] suggested an alternative SDP relaxation and achieved optimality gaps no greater than 5 % for large instances with up to 100 facilities. Recently Hungerländer and Rendl [26] proposed a general approach for quadratic ordering problems, where they further improved on the tightness of the above SDP relaxations. They used a suitable combination of optimization methods to deal with the stronger but more expensive relaxations and applied their method among others to some selected medium (SRFLP) instances. Thereby they solved instances with up to 40 facilities to optimality.
The main contributions of this paper are the following: First we describe and compare the most successful modelling approaches to (SRFLP), pointing out their common connections to the maximum cut [10, 21, 38] and the quadratic ordering problem [11, 12] . For further details on this subject see also the recent survey of (SRFLP) by Anjos and Liers [7] .
Secondly we apply the approach from [26] for the first time to a broad selection of small, medium and large instances and compare it computationally to the leading algorithms for the different instance sizes. Thereby we demonstrate that this approach clearly dominates all other methods, permitting significant progress for medium as well as large instances. We can give optimal solutions for several medium instances from the literature with up to 42 facilities that remained unsolved so far and reduce all the best known gaps for large scale instances by a factor varying from 2 to 100.
Finally we relate the two SDP heuristics from [5] and [26] concerning their computational costs and practical performance.
The paper is structured as follows. In Section 2, we put the most competitive algorithms for (SRFLP) into perspective and compare them from a theoretical point of view. In Section 3, we conduct an extensive computational study for the SDP approach of Hungerländer and Rendl [26] , achieving significant progress for medium and large instances. Finally some conclusions and current research are summarized in Section 4.
The Most Successful Modelling Approaches to (SRFLP)
The most intuitive modelling approach to (SRFLP) using n 2 distance variables z π ij , i, j ∈ N suffers from weak lower bounds of the corresponding LP relaxation and thus large branch-and-bound trees, high computation times and memory requirements. Recently Amaral and Letchford [4] achieved significant progress in that direction by identifying several classes of valid inequalities and using them as cutting planes. Amaral [3] improved the LP relaxation by modelling (SRFLP) via n 3 binary betweenness variables. Anjos et. al [5] proposed to model (SRFLP) as a binary quadratic program using n 2 ordering variables. They deduced a semidefinite relaxation yielding tighter bounds but being more expensive to compute than the relaxation of Amaral [3] . Later on further SDP approaches have been suggested to improve on the relaxation strength and/or reduce the computational effort involved [8, 9, 26] . In the following subsections we recall the approaches mentioned above and highlight their relations.
Distance-Based LP Formulation of Amaral and Letchford [4]
The polytope containing the feasible distance variables z ij for n facilities with lengths l ∈ Z n is called distance polytope and defined as
Amaral and Letchford [4] show that the equation
defines the smallest linear subspace that contains P n Dis . They prove that clique inequalities, strengthened pure negative type inequalities and special types of hypermetric inequalities induce facets of P n Dis . They further show the validity of rounded psd inequalities and star inequalities for P n Dis and use them together with the facet inducing inequalities as cutting planes in a Branch-and-Cut approach.
Betweenness-Based LP Formulation of Amaral [3]
Amaral [3] introduced binary variables ζ ijk (i, j, k ∈ N , i < j, i = k = j) ζ ijk = 1, if department k lies between departments i and j 0, otherwise.
Amaral [3] collected these betweenness variables in a vector ζ and defined the betweenness polytope P n Btw := conv {ζ : ζ represents an ordering of the elements of N }.
In order to formulate (SRFLP) via ζ an appropriate objective function is needed. For that purpose Amaral [3] used the relation z 
If department i comes before department j, department k has to be located mutually exclusive either left of department i, or between departments i and j, or right of department j. Thus the following equations are valid for P n Btw
In [35] it is shown that these equations describe the smallest linear subspace that contains P n Btw . To obtain an LP relaxation of (SRFLP), the integrality conditions on ζ are replaced with 0-1 bounds:
To further strengthen the relaxation, Amaral [3] came up with additional valid inequalities. Let a subset {i, j, k, d} ⊂ N be given. On the one hand department d can not be located between the departments i and j, i and k and j and k at the same time. On the other hand if department d is between departments i and k then it also lies between departments i and j or j and k. Thus the inequalities
are valid for P n Btw . Sanjeevi and Kianfar [35] showed that (6) unlike (5) are facet defining for P n Btw . Amaral [3] further generalizes (6) to a more complicated set of inequalities: Let β ≤ n be an even integer and let S ⊆ N . For each d ∈ S, and for any partition (S 1 , S 2 ) of S \ {d} such that |S 1 | = 1 2 β, the inequality p,q∈S1,p<q
is valid [3] and also facet-defining [35] for P n Btw . Note that (6) is a special case of (7) with β = 4. Minimizing (2) over (3)- (6) gives the basic linear relaxation (LP). To construct stronger relaxations from (LP) Amaral [3] proposes to use the inequalities (7) β=6 as cutting planes (for details see Subsection 3.1 below).
Matrix-Based Relaxations of Anjos et al. [5, 8, 9]
Another way to get good lower bounds for (SRFLP) is the usage of matrix-based relaxations. They can be deduced from the betweenness-based approach above by introducing bivalent ordering variables y ij (i, j ∈ N , i < j)
and using them to express the betweenness variables ζ via the transformations
for i, j, k ∈ N . Using (9) we can easily rewrite the objective function (2) and equalities (3) in terms of ordering variables
where
In [12] it is shown that the equations (11) formulated in a {0, 1} model describe the smallest linear subspace that contains the quadratic ordering polytope
To obtain matrix-based relaxations we collect the ordering variables in a vector y and consider the matrix Y = yy . The main diagonal entries of Y correspond to y 2 ij and hence diag(Y ) = e, the vector of all ones. Now we can formulate (SRFLP) as the following optimization problem, first proposed in [5] 
where the cost matrix C is deduced from (10) . Dropping the rank constraint yields the basic semidefinite relaxation of
providing a lower bound on the optimal value of (SRFLP). To be able to tackle larger instances Anjos and Yen [9] proposed to sum up the O(n 3 ) constraints (11) over k yielding the O(n 2 ) constraints
They showed that the following optimization problem using (12) instead of (11)
is again an exact formulation of (SRFLP). Dropping the rank-one constraint yields a weaker but also cheaper semidefinite relaxation than (SDP 1 )
As Y is actually a matrix with {−1, 1} entries in the original (SRFLP) formulation, Anjos and Vanelli [8] proposed to further tighten (SDP 1 ) by adding the triangle inequalities, defining the metric polytope M and known to be facetdefining for the cut polytope, see e.g.
[15]
Using the linear transformations (9) it is straightforward to show the equivalence of a subset of the triangle inequalities with the betweenness constraints (5) and (6) from above. Along the same lines inequalities (7) can be connected to general clique inequalities. Adding the triangle inequalities to (SDP 1 ), Anjos and Vanelli [8] achieved the following relaxation of (SRFLP)
As solving (SDP 2 ) directly with an interior-point solver like CSDP gets far too expensive, they suggest to use the ≈ 1 12 n 6 triangle inequalities as cutting planes in their algorithmic framework (for details see Subsection 3.1 below). Let us also mention that so far all SDP approaches to (SRFLP) refrained from using other clique inequalities to further tighten the SDP relaxations because of their large number. We will argue in the conclusions that using well-designed subsets of larger clique inequalities, like e.g. pentagonal inequalities, which can be connected to the betweenness constraints (7) β=6 , could be a promising direction to improve current SDP approaches.
Strengthened Matrix-Based Relaxation
Recently Hungerländer and Rendl [26] suggested a further strengthening of (SDP 2 ) and an alternative algorithmic approach to solve such large SDP relaxations. To this end we introduce the matrix
and relax the equation
which is convex due to the Schur-complement lemma. Note that Z 0 is in general a stronger constraint than Y 0. Additionally we use an approach suggested by Lovász and Schrijver in [29] to further improve on the relaxation strength. This yields the following inequalities −1 − y lm ≤ y ij + y jk − y ik + y ij,lm + y jk,lm − y ik,lm ≤ 1 + y lm , ∀ i, j, k, l, m ∈ N , i < j < k, l < m,
that are generated by multiplying the 3-cycle inequalities valid for the ordering problem
by the nonnegative expressions (1 − y lm ) and (1 + y lm ). These constraints define the polytope LS
consisting of ≈ 1 3 n 5 constraints. In summary, we come up with the following relaxation of (SRFLP)
A similar relaxation (without the LS-cuts (15)) was used in [12] for bipartite crossing minimization. In [26] (SDP 3 ) is applied to different special cases of the quadratic ordering problem like the linear ordering problem, the linear arrangement problem, multi-level crossing minimization and of course (SRFLP). It is also demonstrated there that adding the LS-cuts to the relaxation pays off in practice.
To make (SDP 3 ) computationally tractable Hungerländer and Rendl [26] suggest to deal with the triangle inequalities (13) and LS-cuts (15) 
Computational Comparison
In this section we give a computational comparison of all state-of-the-art approaches to (SRFLP) on a broad selection of small, medium and large instances from the literature. Using the approach from [26] we solve several instances to optimality for the first time and improve on the gaps of all currently unsolved instances.
Comparison of Globally Optimal Methods for Small and Medium Instances
In Table 1 we computationally compare the four most competitive approaches to (SRFLP) for small and medium instances. These are the integer linear programming (ILP) approaches of Amaral and Letchford [4] and Amaral [3] , the SDP approach of Anjos and Vanelli [8] building on relaxation (SDP 2 ) and the SDP approach from [26] building on relaxation (SDP 3 ).
Anjos and Vanelli [8] start with the basic relaxation (SDP 1 ) and then enhance it with violated triangle inequalities (13) in every iteration (using the interior-point solver CSDP version 5.0) until no more triangle inequalities are violated.
Amaral and Letchford [4] suggest an ILP Branch-and-Cut algorithm based on the distance variables z ij . They use a cheap initial LP relaxation with only O(n 2 ) non-zero coefficients and apply exact separation routines for triangle and special strengthened pure negative type inequalities and heuristic ones for clique, rounded psd and star inequalities. They suggest a specialised branching rule to avoid the use of additional binary variables and use a primal heuristic based on multi-dimensional scaling to obtain feasible layouts.
Amaral [3] proposes an ILP cutting plane algorithm based on the betweenness variables ζ ijk that improves on the results in [8] and [4] . For computational usage of the betweenness model Amaral [3] suggests to alternate between solving (LP) and strengthening (LP) (by searching for cutting planes (7) β=6 violated at the optimal solution of the current (LP) and adding them to (LP)). Amaral [3] also introduces new instances with 33 and 35 facilities, solves them to optimality and points out that he cannot solve larger instances with his approach as the involved linear programs become too large and too difficult to solve with the currently available LP solvers.
Recently Hungerländer and Rendl [26] proposed an algorithm to provide lower bounds to (SDP 3 ). Their method is building on subgradient optimization techniques, such as the bundle method [16, 25] and deals with the inequality constraints (13) and (15) through Lagrangian duality. A similar algorithmic approach was successfully applied to the maximum cut problem [32] . In [26] they already demonstrated that their algorithm clearly outperforms the SDP approach suggested in [8] on some selected (SRFLP) instances.
In Table 1 we give a full computational comparison of the four most successful exact approaches to (SRFLP) on all available instances from the literature, including well-known benchmark instances [1-3, 24, 36] , instances with clearance requirement [23] and random-generated instances [8] . 1 The table identifies the instance by its name, source and size n and gives the times required by the four approaches to find a layout and prove its optimality.
The computations in [8] were carried out on a 2.0GHz Dual Opteron with 16 GB RAM, Amaral [3] used an Intel Core Duo, 1.73 GHz PC with 1 GB RAM, in [4] a 2.5 GHz Pentium Dual Core PC with 2 GB RAM was employed, whereas for applying the approach from [26] we use an Intel Xeon 5160 processor with 3 GHz and 2 GB RAM.
For small instances with up to 20 facilities the ILPs are preferable to the SDP approaches whereas the SDP approach from [26] outperforms the other approaches on the larger instances. The difference between the approaches strongly grows with the problem size. Note that we do not take into account the speed of the machines, as it does not differ too much and thus does not affect the conclusions drawn above. Our machine is the quickest and about 2.5 times faster than the one in [3] , which is the slowest. 2 This motivates us to tackle larger instances with the approach from [26] . We summarize the results for the five instances with 40 facilities, a density of 50 % and random lengths and connectivities between 1 and 10 in Table 2 . 3 We succeed in providing optimal solutions within reasonable time for all these instances that can hardly be solved to optimality with one of the other three approaches. 
Comparison of Gaps Achieved by SDP-Based Approaches on Large Instances
In this subsection we compare the most competitive approaches to (SRFLP) for obtaining tight bounds of large instances. These are the algorithms of Anjos and Yen [9] building on relaxations (SDP 0 ) and (SDP 1 ) respectively and again the approach of Hungerländer and Rendl [26] building on relaxation (SDP 3 ). For solving relaxations (SDP 0 ) and (SDP 1 ), Anjos and Yen [9] use the interior-point solver CSDP (version 5.0). In Tables 3 and 4 we compare the three SDP approaches on instances with 36 -100 facilities taken from [5] and [9] . 4 In [26] the constraints Z 0 and diag(Z) = e are maintained explicitly. The evaluations of an appropriate function over this set constitute the computational bottleneck and are responsible for more than 99% of the overall running time for large instances. To control the computational effort we restrict the number of function evaluations to 500 for instances with up to 64 departments and to 250 for larger instances. This limitation of the number of function evaluations leaves some room for further incremental improvement.
The SDP relaxations (SDP 0 ), (SDP 1 ), (SDP 2 ) and (SDP 3 ) are closely related to the standard SDP relaxation for the max-cut problem used in the seminal paper of Goemans and Williamson [18] to obtain high quality feasible solutions providing upper bounds. However the hyperplane rounding idea suggested in [18] cannot be applied directly to (SRFLP) to get a good layout because it yields a {−1, 1} vectorỹ, which need not be feasible with respect to the three cycle equations (11) . That is why Anjos et al. [5] propose a different procedure to obtain a good feasible layout from the optimal solution of the SDP relaxation whereas Hungerländer and Rendl [26] suggest to apply a repair strategy to the infeasibleỹ.
Anjos et al. [5] propose to use the entries y * ij,kl of the optimal matrix Y * of the SDP relaxation in the following way to obtain a good feasible layout: Fix a row ij and compute the values
These values are motivated by the fact that if Y * is rank-one, then the values ω ij k , k ∈ N are all distinct and belong to N and thus give a permutation of N . In general, rank(Y * ) > 1 and thus a permutation can be obtained by sorting w ij k , k ∈ N in either decreasing or increasing order (since the objective value is the same). The output of the SDPbased heuristic is the best layout found by considering every row ij of Y * with i, j ∈ N , i < j.
In [26] it is suggested to take the {−1, 1} vectorỹ obtained from hyperplane rounding and make it feasible with respect to the 3-cycle inequalities by flipping the signs of some of its entries appropriately. Computational experiments demonstrated that the repair strategy is not as critical as one might assume [13, 26] . For example we know from multilevel crossing minimization that the heuristic clearly dominates traditional heuristic approaches.
The heuristic of Anjos et. al [5] is much cheaper than the one in [26] as they have to factorize Y * to carry out the rounding procedure. Nonetheless the computation times of both heuristics are negligible compared to the computational effort for the lower bound computation. We compared both heuristics concerning the quality of the produced layouts on many test instances and found out that the heuristic from [26] is clearly superior. This is also supported by a comparison of the upper bounds achieved by both approaches in Tables 3 and 4 , where the heuristic from [26] improves on the one of Anjos et. al [5] on all instances considered.
When comparing the running times of the three approaches we do not take into account that Anjos and Yen [9] use a machine (2.4GHz Quad Opteron with 16 Gb of RAM) that is more than 1.5 times faster and has 8 times the memory of our machine. 5 In Table 3 we compare the three approaches for problems with 36 to 56 facilities for which no optimal solution was known before. The table identifies the instance by its name and size n. We then provide the lower bound "lb" and the best layout found "blf" as well as the associated running times for the different approaches. Finally we give the running times that the approach of Hungerländer and Rendl [26] needs to improve on the gaps of the two other approaches "improve gap (SDP 0 )" and "improve gap (SDP 1 )".
The results show that the SDP approaches of Anjos and Yen [9] allow for substantial improvement. On the one hand the approach from [26] reduces the difference between best layout and lower bound for all instances by factors that are, except once, > 10 (both lower and upper bounds are improved for all instances). On the other hand it reaches the gaps achieved by the other two approaches considerably faster. Further it is worthwhile to note that all instances with 36 facilities and even one instance with 42 facilities can be solved to optimality for the first time.
In Table 4 we compare the cheaper approach from [9] using relaxation (SDP 0 ) (the other one gets too expensive for these instances) to the approach from [26] for problems with 60 to 100 facilities.
The results show that the SDP approach of Anjos and Yen [9] again allows for some improvement. On the one hand the SDP approach from [26] reduces the difference between best layout and lower bound for all instances by factors going from clearly above 10 to 2 as the instance sizes grow (again both lower and upper bounds are improved for all instances). On the other hand the gaps achieved by the approach of Anjos and Yen [9] are reached in average in about half the time by the approach from [26] .
Let us finally compare the SDP-based heuristic from [26] with the recent tabu search based heuristic of Samarghandi and Eshghi [34] and the recent permutation-based genetic algorithm of Datta et al. [14] on the 20 "AKV"-instances [5] . On five instances all three heuristics yield the same upper bound, on 5 instances the heuristics from [34] and [14] yield the same best value, on 5 instances the algorithm of Datta et al. [14] generates the best feasible layouts and on 5 instances the approach from [26] produces the best upper bounds. In general the SDP-based heuristic seems to be preferable when n ≤ 70 and computation time is not a critical factor as its performance depends on the quality of the lower bounds from the SDP relaxation. The "sko"-instances [9] were not considered in [34] and [14] , hence for these instances the lower and upper bounds presented in Tables 3 and 4 are the best known ones to date.
Conclusions and Current Research
This paper improves on the practical results for (SRFLP). The SDP approach of Hungerländer and Rendl [26] provides optimal solutions for several instances with up 42 facilities for the first time. Additionally it significantly reduces the duality gap and running times for large instances with up to 100 facilities. These achievements are the consequence of the interaction of the following three advancements:
-the usage of a stronger SDP relaxation, -the appropriate algorithmic approach to this relaxation, -a stronger upper bound heuristic.
There are two (combinable) directions to further improve current SDP approaches. On the one hand we could include well-designed subsets of order ≤ O(n 6 ) of larger clique inequalities, like e.g. the ≈ 1 240 n 10 pentagonal inequalities, in the presented relaxations. On the other hand, we could incorporate the achieved bounds in a branchand-bound framework.
Instance n SDP Anjos/Yen using (SDP0) [9] SDP Anjos/Yen using (SDP1) [9] SDP Hungerländer/Rendl [26] Table 3 . Results for well-known (SRFLP) instances with 36-56 facilities. n gives the number of facilities, "lb" denotes the lower bound, "blf" gives the objective value of the best layout found and "improve gap (SDP0)" and "improve gap (SDP1)" denote the running times that our algorithm based on relaxation (SDP4) needs to improve on the gaps of the other two approaches. The running times are given in min:sec or in h:min:sec respectively. Table 4 . Results for well-known (SRFLP) instances with 60-100 facilities. n gives the number of facilities, "lb" denotes the lower bound, "blf" gives the objective value of the best layout found and "improve gap (SDP0)" denotes the running times that our algorithm based on relaxation (SDP4) needs to improve on the gaps of the approach by Anjos and Yen. The running times are given in h:min:sec.
